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We introduce three compact graph states that can be used to perform a measurement-based
Toffoli gate. Given a weighted graph of six, seven or eight qubits, we show that success probabilities
of 1/4, 1/2 and 1 respectively can be achieved. Our study puts a measurement-based version of this
important quantum logic gate within the reach of current experiments. As the graphs are setup-
independent, they could be realized in a variety of systems, including linear optics and ion-traps.
PACS numbers: 03.67.-a, 03.67.Mn, 42.50.Dv, 03.67.Lx
While there has been steady progress in experimentally
demonstrating single and two-qubit logic gates for quan-
tum computation (QC) [1], combining these elements
for performing useful algorithms is still far too demand-
ing. Grover’s and Shor’s algorithms [1, 2], for example,
require highly non-local logic gates during their opera-
tion [1]. In this context, an important building block
is the three-qubit Toffoli gate [3, 4]; it is universal, i.e.
together with single-qubit gates one can perform any
QC, with the advantage that one can efficiently build
highly non-local n-time control-NOT gates with a poly-
nomial dependence on n for the number of Toffoli gates
required [3]. Recently, a reduction in the resources re-
quired to implement this gate has been proposed [5] and
experimentally realized [6]. However, this work is limited
to the standard network model for QC [1]. A promising
alternative to the network model is the measurement-
based one-way model [7]. This has attracted much inter-
est recently, due to its advantages over the network model
in reducing the level of control required and increasing
flexibility for a variety of physical systems [7, 8, 9]. Here,
we introduce a measurement-based Toffoli gate that can
be implemented with current technology. We address an
important issue in QC, providing a practical alternative
to existing schemes for a range of physical systems.
In this work we introduce three compact graph states
for implementing a Toffoli gate using one-way QC [7];
computations are performed by making single-qubit mea-
surements on an initial entangled resource. Usually the
resource used is a form of cluster state [7], however, more
general graph states [10] can also be employed [11]. Here,
in contrast to earlier work, we show that by incorporat-
ing weighted edges in graph states of six, seven or eight
qubits, one can construct compact Toffoli gates with suc-
cess probabilities of 1/4, 1/2 and 1 respectively. The
smallest graph previously known to achieve a Toffoli gate
consisted of at least ten qubits and a complex entangle-
ment structure [11], making it too challenging for current
experiments [9]. Our study puts a measurement-based
version of this important gate within reach of current
technology. To emphasize this, we provide a basic exam-
ple for generating the six-qubit graph using linear optics.
However, as the graphs are setup-independent, we expect
them to be useful in many other physical systems. Before
providing details of how our proposed Toffoli gate works,
we give a brief review of one-way QC using weighted
graphs and the basic tools needed for its understanding.
One-way QC with weights.- A weighted graph state |G〉
is a multipartite entangled state consisting of a set of ver-
tices j (qubits prepared in |+〉j , where |±〉j = 1√2 (|0〉 ±
|1〉)j and {|0〉j , |1〉j} is the single-qubit computational
basis) connected to each other by edges taking the form
of entangling operations CZθ = diag(1, 1, 1, eiθjk) [10].
Here, the weights θjk ∈ [0, 2pi] correspond to a con-
trolled phase operation applied between qubits j and
k. For standard one-way QC on maximally weighted
graphs (θjk = pi, ∀ (i, j) ∈ G), two essential types of
single-qubit measurements are involved [7, 12]. First,
measuring the state of qubit j in the computational
basis disentangles it from the graph, leaving a smaller
entangled resource. This allows one to shape a given
graph for a particular processing task. Second, in or-
der to perform QC, qubits can be measured in the basis
Bj(α) = {|α±〉j = 1√2 (|0〉 ± eiα|1〉)j} (α ∈ R). This
applies a single-qubit rotation R−αz = diag(1, e
−iα), fol-
lowed by a Hadamard operation H = (σx + σz)/
√
2 to a
logical qubit residing on vertex j (σx,y,z are the Pauli ma-
trices). At the same time, this logical qubit is transferred
to the next available adjacent vertex, i.e. a neighboring
vertex without a logical qubit already residing on it [11].
With proper choices for the Bj(α)’s and an appropriate
configuration for the graph [7, 13], any quantum circuit
can be performed. However, once the weights of edges
become non-maximal, care must be taken in the order
that measurements are made [12]. In this work we con-
sider weighted edges between logical qubits residing on
qubits in the graph and not along their path of flow.
In Fig. 1 (a) we show a simple two-qubit weighted
graph state, with two logical qubits |Q1〉 and |Q2〉 resid-
ing on qubits 1 and 2 respectively. Here the edge con-
2necting the qubits has the weight θ. No measurements
are required in this case and the resource simulates a
CZ
θ gate. This graph can be linked with a larger graph
by connecting up each qubit with maximally weighted
edges: one edge in and one edge out, enabling qubit in-
formation flow (shown as dashed lines in Fig. 1). Due to
the probabilistic nature of the outcomes from measure-
ments that are used to transfer logical qubits across a
given resource, byproduct Pauli operators are generated.
For standard one-way QC, these must pass freely through
the quantum circuit generated by subsequent measure-
ments, i.e. they produce no change to the overall com-
putation when passed through to the end of the circuit,
where they can be removed [7]. This ensures that the
entire computation remains unchanged and therefore de-
terministic. Unfortunately, in Fig. 1 (a) only σz byprod-
ucts will pass through this part of the circuit freely. In
Fig. 1 (c) we show the effect of passing σx through CZ
θ.
The flip operation, i.e. CZθ → CZ−θ, and the additional
non-Pauli byproduct Rθz can cause problems and reduce
the overall success probability if not accommodated for
properly. We will show how they can be integrated into
a compact measurement-based Toffoli gate in the next
section. In Fig. 1 (b), we show a three-qubit graph, with
|Q1〉 and |Q2〉 residing on qubits 1 and 3 respectively.
This graph is also important for the Toffoli gate opera-
tion. Here B˜2(θ/2) := HB2(θ/2) is used and the resource
performs the gate [R
−θ/2
z ⊗R−θ/2z ]CZθ [11], with byprod-
uct ΣM = σs2z ⊗ σs2z (si ∈ {0, 1} corresponds to the
outcome of the measurement on qubit i). This graph
can also be linked to a larger graph with the central
qubit providing the freedom to choose θ after the re-
source is generated. In addition, one can pass σx through
without flipping the sign of the desired gate as follows:
The most general form of linking byproducts, i.e. those
generated from previous parts of a computation in the
larger graph, is ΣL = [σ
sxQ1
x σ
szQ1
z ⊗ σs
x
Q2
x σ
szQ2
z ]Q1Q2 . The
values sx,zQi ∈ {0, 1} correspond to the accumulation of
σx,z byproducts on logical qubit |Qi〉. ΣL can be passed
through by absorbing the operation R = (σs
x
Q1
⊕sxQ2
z ) into
B˜2, i.e. the measurement basis is adapted: B˜2 →R†B˜2.
FIG. 1: CZθ gates. Edges are maximal unless marked. (a):
No measurements are made to perform the CZθ. (b): B˜2(θ/2)
is used to implement CZθ up to local terms [11]. (c): Passage
of σx (= X) through the gate carried out by the resource in
panel (a). The gate acts symmetrically on σx byproducts.
FIG. 2: Compact graph states for a Toffoli gate. (a): Six-
qubit graph. (b): (i) Seven and (ii) Eight-qubit graphs. (c):
Network circuit induced by measurements of qubits {2, 3, 4},
{2, 3, 4, 7} and {2, 3, 4, 7, 8} for the six, seven, and eight-qubit
graphs respectively. Σ denotes a combination of byproducts
from measurement outcomes and previous byproducts from
linking into larger graphs (dashed lines in (a) and (b)). The
right hand side shows the equivalence to a Toffoli gate, where
the additional H can be removed as described in the text.
Compact Toffoli gate.- With the above considerations,
we now show how six, seven and eight-qubit graph states
can perform a compact Toffoli gate, together with an ex-
planation of their success probabilities. The graphs were
found by a direct mapping of the most compact quan-
tum circuit known for the Toffoli gate [1, 14], in terms
of controlled-NOT and CZθ gates, to the basic building
block resources used in the one-way model [7, 8]. For
simplicity, we will describe only the relation between the
final graphs constructed and their corresponding circuits.
We start with the operation of the six-qubit graph when
there are no byproducts. In Fig. 2 (a) the in/out logical
control qubits |c1〉 and |c2〉 reside on qubits 6 and 1 re-
spectively and the input target qubit |t〉 resides on qubit
2. A CZpi/2 gate is initially applied between |t〉 and |c2〉,
corresponding to the edge of weight pi/2 linking qubits 1
and 2. This operation is depicted in Fig. 2 (c) as step
1. Next, qubit 2 is measured in the basis B2(0). This
applies H to |t〉 while propagating it across to reside on
qubit 3, where a CZ gate is applied between |c1〉 and |t〉.
These operations are shown as step 2. This is followed by
a measurement of qubit 3 in the basis B3(0), which ap-
plies H to |t〉 and propagates it across to reside on qubit
4, where a CZ−pi/2 gate is applied between |t〉 and |c2〉.
These operations are depicted as step 3. Next, qubit 4 is
measured in the basis B4(0). This applies H to |t〉, while
propagating it to reside on qubit 5, where a CZ gate is ap-
plied between |c1〉 and |t〉. These operations are shown as
step 4. Finally, the weighted edge between qubits 1 and
6 is included, which performs a CZpi/2 gate between |c1〉
and |c2〉. This is given in Fig. 2 (c) as step 5. The overall
circuit is equivalent to a Toffoli gate [1, 14], up to a local
3H on the input target. This can be removed by encoding
|t〉 into the graph in the H basis. Alternatively, reversing
the direction of qubit flow puts the H on the output tar-
get. This could be removed by feed-forward operations,
such as those used in linear optics [9]. We note that if
the weights ±pi/2 → ±θ/2, the graph can be used as a
control-control-Z phase operation (CCZθ) [1, 14].
Success probability.- We now discuss the important
role of byproducts in above procedure. The operator
Σ shown in Fig. 2 (c) is a combination of the byprod-
uct ΣM6 resulting from measurements of qubits 2, 3
and 4, with a passed-through ΣL resulting from previ-
ous measurements in a larger graph linked up to the six-
qubit graph. First, it is straightforward to show ΣM6 =
[(σs4z )c1 ⊗ (R−pi/2z )s3c2 ⊗ (σs2⊕s4x σs3z )t][CNOTc2tCZc1c2 ]s3 .
Thus, half of these byproducts (s3 = 0) consist of lo-
cal Pauli operations and the other half (s3 = 1) con-
sist of non-local operations. This results in a success
probability of ps = 1/2, as ΣM6 for s3 = 0 can be
passed through until the end of a computation. How-
ever, ΣL also needs to be taken into account. The
most general form of ΣL for the logical input qubits is
[σ
sxc1
x σ
szc1
z ⊗ σs
x
c2
x σ
szc2
z ⊗ σs
x
t
x σ
szt
z ]c1c2t. As σz ’s pass freely
through the circuit of Fig. 2 (c) (with σz → σx on the
target line), they do not lower ps. On the other hand,
σx’s modify the CZ
±pi/2 gates, as shown in Fig. 1 (c).
Fortunately, for a selection of cases, σx’s can be passed
through by adapting the measurement bases of the qubits
in the graph, with ΣL changing accordingly. Thus, we
have Σ = Σ˜LΣM6 , where ∼ denotes a possible change.
By taking into account sign flips of weighted edges (see
Fig. 1 (c)), such that the phase of the second gate in
Fig. 2 (c) is always opposite to the first and third, it is
straightforward to show that for Sx := {sxc1 , sxc2 , sxt } =
{0, 0, 0}, {0, 1, 0}, {1, 0, 1} and {1, 1, 1}, one can pass
through σx’s in ΣL by absorbing into the measure-
ment bases of the qubits in the graph the operations
R000 = 1 (Σ = ΣM6), R010 = (R−pi/2z )2 ⊗ (Rpi/2z )4 (Σ =
(R
pi/2
z σs4z )c1 ⊗ (σx)c2 ⊗ (σs2⊕s4x )t), R101 = (σz)3 (Σ =
(σxσ
s4
z )c1 ⊗ (Rpi/2z )c2 ⊗ (σs2⊕s4x )t) and R111 = (σz)3R010
(Σ = (σxR
−pi/2
z σs4z )c1 ⊗ (σxR−pi/2z )c2 ⊗ (σs2⊕s4x )t) [15].
Here s3 = 0 is assumed. The remaining Sx cases lead
to a non-local Σ. As each Sx occurs with probability
1/8 [7, 16] and s3 = 0 with probability 1/2, the above
four cases lead to a total success probability of ps = 1/4.
If the six-qubit graph is linked with a larger graph, a
careful design of the combined graph would enable all
non-local Σ to be removed (including the cases when
s3 = 1) by using bridging qubits between the paths of
qubit flow [17]. This would give ps = 1. However, from a
minimal-resource perspective, this requires a large addi-
tional overhead. We now show that with just one more
qubit and an edge, one can obtain ps = 1/2. Then, with
an extra two qubits and two edges one can achieve ps = 1.
FIG. 3: Generation of the six-qubit graph using linear optics.
Seven and eight qubits.- Consider the addition of
an extra qubit between qubits 1 and 4, as shown in
Fig. 2 (b) (i), to make a seven-qubit graph. The sub-
graph of qubits 1, 4 and 7 constitutes the three-qubit
resource of Fig. 1 (b). Thus it can be used to implement
a CZ−pi/2 gate between |t〉 and |c2〉. Here, B˜7(−pi/4)
is used, while B4(0) → B4(pi/4). Furthermore, qubit
3 should be measured first, with R = [(σx)4 ⊗ (σz)7]s3
absorbed into the bases of qubits 4 and 7. The byprod-
uct ΣM7 = (σ
s4⊕s7
z )c1 ⊗ (σs7z Rpi/4z )c2 ⊗ (σs3z σs2⊕s4⊕s7x )t is
now completely local in form. By taking ΣL into ac-
count also, we have R000 = 1 (Σ = ΣM7), R010 =
(R
−pi/2
z )2 ⊗ (σx)4 (Σ = (Rpi/2z )c1 ⊗ (σxR−pi/2z )c2ΣM7),
R101 = (σx)4 ⊗ (σz)7 (Σ = (σx)c1 ⊗ (Rpi/2z )c2 ⊗
(σz)tΣM7) and R111 = R010R101 (Σ = (σxR−pi/2z )c1 ⊗
(σxσz)c2 ⊗ (σz)tΣM7). Thus, we have ps = 1/2. With
an extra qubit between qubits 1 and 6, as shown in
Fig. 2 (b) (ii), to make an eight-qubit graph, all σx’s
in ΣL can be passed freely. Qubits 1, 6 and 8 ap-
ply a CZpi/2 gate on |c1〉 and |c2〉, with B˜8(pi/4). We
then have ΣM8 = (σ
s4⊕s7⊕s8
z R
−pi/4
z )c1 ⊗ (σs7⊕s8z )c2 ⊗
(σs3z σ
s2⊕s4⊕s7
x )t, with σx’s from ΣL passed freely by ab-
sorbingRijk = [(σz)3⊗(σz)8]i[(R−pi/2z )2⊗(σx)4]j [(σz)8]k
and Σ = [(σx)c1 ⊗ (σz)t]i[(Rpi/2z )c1 ⊗ (σx)c2 ]j [(Rpi/2z )c1 ⊗
(R
pi/2
z )c2 ⊗ (σz)t]k[(σz)c1 ⊗ (σz)c2 ]jkΣM8 . Here, contrary
to the seven qubit case, R comes after the application of
Rijk. We now have ps = 1.
Linear optics demonstration.- As an example physi-
cal setup, we now describe how to generate the six-qubit
graph in a linear optics setting. The seven and eight-qubit
resources can be constructed similarly. To create the six-
qubit graph, the steps given in Fig. 3 could be used. Here,
polarization degrees of freedom of a photon in mode i
are used to embody a qubit, where |0〉i → |H〉i and
|1〉i → |V 〉i. The fuse operation (depicted as a rounded
square) is given by |HH〉〈HH |+ |V V 〉〈V V |, followed by
H on the qubit with a dotted ring. This is realized when a
4single photon exits each output port of a polarizing beam-
splitter (PBS), on the condition that the two input pho-
tons entered seperate ports [8, 9]. Single-qubit rotations
such as H and Rαz can be implemented with half-wave
plates (HWPs) and quarter-wave plates (QWPs) on the
relevant photon modes. In step (i), qubits 1 and 6 from
two weighted graphs (|H〉 |+〉+|V 〉 |pi/2+〉)21⊗(|H〉 |+〉+
|V 〉 |pi/2+〉)67 are fused. These could each be produced
from a concatenated parametric down-conversion type-
I process [18]. With the laser pump polarization set
correctly, the state [γ+ |HH〉 + γ− |V V 〉]ab can be gen-
erated in output modes a and b, where γ± = 12 (1 ±
e−iγ/2). The operation [Rγ/2z H ⊗ Rγ/2z H]ab rotates the
state into a two-qubit graph with weighted edge γ. A
double-pass scheme would generate both graphs from
the same crystal. In step (i), the result of the fusion
is the state [|+〉 |H〉 |+〉 |+〉+ |pi/2+〉 |V 〉 |−〉 |pi/2+〉]2167.
Next, in step (ii) a fuse operation is applied to modes
6 and 4 (initially set to |+〉). This produces the state
[|+〉 |H〉 (|H〉 |+〉 + |V 〉 |−〉) |+〉 + |pi/2+〉 |V 〉 (|H〉 |+〉 −
|V 〉 |−〉) |pi/2+〉]21647. In step (iii) B˜6(pi/4) is used, this
is achieved with a QWP, HWP and polarizer in the
corresponding photon mode. The rotations [R
pi/4
z ⊗
R
pi/4
z ]14 are then applied. The resulting state is given
by [|+〉 |H〉 |+〉 |+〉 + |pi/2+〉 |V 〉 |−pi/2+〉 |pi/2+〉]2147. In
step (iv), qubit 6 is set to the state |+〉 after the polarizer
in mode 6 and fused back into the resource with qubit
2. Next, in step (v) qubit 4 is fused with qubit 3 from
the state [|H〉 |+〉 + |V 〉 |−〉]35. Three final fuse opera-
tions are required: qubit pairs (3,6), (6,7) and (5,7) in
steps (vi), (vii) and (viii) respectively. Qubit 7 is then
measured-out in the computational basis with a polar-
izer. It is straightforward to show that when one photon
is present in each output mode, leading to a seven-fold
coincidence at detectors, the six-qubit graph shown in
step (ix) would have been generated [9]. For perform-
ing one-way QC, the single-qubit measurements can be
realized by replacing each of the detectors with a HWP-
QWP-PBS chain and a detector at each of the output
ports of the PBS [9]. While state generation in this ex-
ample is postselected, we note that a non-postselected ap-
proach [8] would be needed for linking the Toffoli graphs
up to larger optical resources for scalable QC. Thus, we
stress that the steps given here are only an example.
Efficient methods for fusing weighted graphs, based on
adapting known heralded techniques [8], or additional
photon degrees of freedom could help reduce the number
of components and photons, while providing full scala-
bility. Generating and controlling the graphs in systems
such as ion traps [19] will require adaptation and an un-
derstanding of the dynamics of the system of interest.
We have introduced three compact graph states for
performing a measurement-based Toffoli gate. Although
no proof of optimality is given, in terms of qubit num-
ber, the techniques developed here should greatly aid the
experimental demonstration of complex algorithms on
small graph resources in various physical systems. They
should reduce the effects of noise and imperfections due
to their size, thus benefiting overall performance [8].
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